Abstract-The primary function of a sensor network is to perform the sensing task. For proper sensing, the coverage and connectivity property of the network must be maintained. Relationship between coverage and connectivity has been extensively investigated for full coverage scenarios. But, investing in full coverage incurs unnecessary cost when partial coverage is sufficient. In this work, we focus on the relationship between partial coverage and connectivity. We find the conditions when partial coverage implies connectivity as a function of coverage fraction. This condition facilitates the network designers to configure the connected network for desired coverage fraction.
I. INTRODUCTION
A single node can sense only in a small region. Hence, to monitor large area, a network of sensor node is needed. If these sensor nodes can communicate wirelessly, they are called Wireless Sensor Networks(WSNs). In the WSN, generally there will be a base station which collects measurements from all the nodes. As the nodes can communicate over short distances due to the limited capabilities, multi-hop communication is used for transferring measurements to base station. Thus, sensing as well as connectivity are the important features in a WSN. Coverage of a sensor network represents how well the sensors monitor a field of interest (FoI) where they are deployed. It is the performance measure of the network sensing capability. Connectivity represents how well the nodes can communicate. It is the performance measure of the network communication capability. Characterization of these two measures help in the better design of sensor networks for different applications. The coverage problem can be formulated as an optimization problem, i.e., to maximize lifetime subject to minimum coverage guarantee while maintaining the connectivity. Coverage is broadly classified into three categories : (a) area coverage, (b) target coverage, and (c) barrier coverage. Area coverage concerns how well the sensor nodes monitor an area of interest (AOI). Target coverage requires monitoring of a set of targets instead of the whole sensing field. The problem of preventing an intruder from entering a Boundary of interest (BOI) is referred to as the barrier coverage. The coverage characterizes the performance of a sensing network. It is represented by coverage fraction α where every point in the covered area = α x total area is sensed by at least one sensor. Here, 0 < α ≤ 1. If coverage fraction α = 1, then, we have full coverage. In the present paper, we focus on partial coverage i.e, α < 1 . Since full coverage is stringent condition and expensive, it should be used only if necessary. Most of the applications [1] may work satisfactorily with partial coverage. For example, one such scenario is a sensor network for the weather forecast. Instead of knowing the humidity at every location in the field, measurement of certain fraction of the area might prove sufficient for the humidity profile of the whole field. Therefore, applications may require network configurations with different degree of coverage and connectivity. We can classify the connectivity and coverage (CC) requirements as follows: Connected full coverage (CFC) and Connected partial coverage (CPC) [2] . While solving the connected coverage (CC) optimization problem, the least possible number of constraints should be used to reduce the design complexity. The need for constraints reduction gives rise to two critical research questions concerning the design of wireless sensor networks: 1) Are coverage and connectivity constraints independent? 2) If not, does coverage imply connectivity or vice versa so that a sensor network only needs to be configured to satisfy the stronger of the two conditions? Answering these questions qualitatively and quantitatively would greatly facilitate the design of WSNs. It will lead to insights into how to utilize the minimum number of nodes to achieve a desired coverage degree and coverage fraction while maintaining the required system connectivity. When number of node are more than needed, it will also tell us about increase in lifetime of WSN. Most of the research work on sensing coverage in the literature has focused on the connected full coverage (CFC). Research in [3] , [4] contributed to achieve full coverage as well as connectivity. However, the above two research questions have not been explored in the context of partial coverage. In this paper, we report an investigation on this relationship for deterministic deployment and the conditions which guarantee connectivity while configuring the desired coverage fraction. We discuss the network connectivity and coverage problem. We find the lower bound as well as the upper bound on communication radius and also derive an exact expression for communication radius in terms of coverage fraction. The paper is organized as follows: in Section II, the notion of coverage and connectivity is introduced. Section III discusses the relationship between partial coverage and the connectivity problem in WSN. Finally, in Section IV, we conclude the outcome of this work along with the future research directions and some open problems.
II. SYSTEM MODEL
In this section, we present the network model along with its various components i.e. monitored space, sensing region,
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coverage of a space point, Network coverage, node communication region and measure of network connectivity. The network consists of sensor nodes uniformly deployed sensor nodes over a rectangular field of interest (FoI), Ψ. Though, we have taken rectangular field, our results will hold true for any arbitrary field of interest. The events of interest (EOI), can take place randomly at any location in the sensing field. The events are represented as space points. A node can detect events within a certain distance, called sensing radius R S . Let us consider a space point z and a set of sensors Ω = {s 1 , s 2 , . . . , s N } deployed in the sensing field. The d(s,z) denotes the distance between a sensor s and a space point z. Let (s x , s y ) and (z x , z y ) be the coordinates of the sensor s and the space point z, respectively. The coverage function of a space point z relative to a sensor node i is given by a binary value
The value 1 implies that the sensor can monitor the point z.
A point might be covered by multiple sensors at the same time.
The set of these multiple sensors is represented by Ω Z ⊂ Ω. The coverage function of a space point relative to a set of sensors can be the addition of the coverage function of the point relative to each individual sensor. Thus, coverage function F (z) of a space point z is defined as
If F (z) = k, then we can say that the point z is k-covered. The coverage of the sensing field relative to the deployed sensor nodes can be computed using equation (2), and is called the network coverage. The network coverage function F N is defined as the minimum value of F (z) among all the possible values of z in the entire network, i.e.,
We assumes that each node s i is able to communicate only up to a certain distance from itself, called the communication radius R C . The two nodes s i and s j are said to be connected if they are able to communicate directly with each other. In other words, the Euclidean distance between them must be less than or equal to their communication radius i.
The communication network of the set of nodes S is modeled as a communication graph. A network is said to be connected iff there is at least a path between any pair of nodes as well as a path from every node to the base station.
III. RELATIONSHIP BETWEEN PARTIAL COVERAGE AND FULL CONNECTIVITY
In this section, we focus on understanding the relationship between partial coverage and full connectivity. We also find the conditions when partial coverage implies full connectivity. There exist two possibilities-(i) coverage implies connectivity and (ii) connectivity implies coverage. A connected network cannot guarantee coverage, because coverage is concerned with whether every point of FoI is covered or not, While connectivity only requires all locations of active nodes to be connected. A covered network may guarantee connectivity, as coverage requires majority locations of the sensing field to be covered. The connectivity for a certain coverage depends upon the ratio of communication radius to sensing radius. Zhang and Hou [4] explored and established a connected full Coverage(CFC) condition. It states thatAssuming the monitored region is a convex set, the condition of R C ≥ 2R S is both necessary and sufficient to ensure that the complete coverage of a convex region implies connectivity in an arbitrary network. The above condition is stated to be true for convex region, but we found that, this condition is also true for any arbitrary monitored region which may not be the convex region. The statement can be restated as: For a given arbitrary monitored region, the condition of R C ≥ 2R S is both necessary and sufficient to ensure that complete coverage of the region implies connectivity. The condition R C ≥ 2R S will also suffice as the connectivity criteria in contiguous partial coverage. In this paper, we will find a tighter bound on R C in terms of α. The goal in planning a WSN is to maximize coverage with a minimum number of sensors. Thereby achieving least cost for the network. To realise this goal, the deployment process of the sensors plays an important role. A deployment is characterised by a deployment strategy and a deployment pattern. On the basis of the deployment strategy, the networks can be classified as structured or unstructured. In an structured sensor network, the nodes are placed at the specific locations, while in an unstructured sensor network, the nodes are placed randomly. Based on the area of the sensing field, area covered by deployed sensors, and overlapped sensing area among the nodes, the coverage can be classified as: exact coverage, over coverage and under coverage. The exact coverage means sensing field is covered without any overlap among the sensing regions of the nodes. If sensing field is covered and there exists some overlap among nodes, it is called over coverage. To achieve exact coverage is not possible for circular sensing range. Only the possibilities of over-coverage and undercoverage exits. Formally, over coverage is called full coverage. Here, every point is covered by at least one sensor. Under coverage is called partial coverage where some points are not covered. In a deterministic deployment to cover a plane, optimal placement pattern is equilateral triangle lattice where sensor nodes are placed on the vertices of equilateral triangles. In this work, we study the partial coverage for the deterministic deployment strategies in the field of interest. We consider full coverage as the baseline to study partial coverage. Sensor nodes in triangular lattice pattern provides optimal full coverage when side length of the basic triangle pattern is √ 3R S . This side length represents the maximum internode distance while ensuring 100% coverage. If the inter-node distance is less than or equal to √ 3R S , then coverage is full otherwise the FoI is under-covered. Therefore, partial coverage can only happen if d ≥ √ 3R S . If we keep on increasing the spacing between nodes, overlap area just becomes zero at d = 2R S . For d ≥ 2R S , there is no overlap area. Therefore, for study of partial area coverage, the region of interest is d ≥ √ 3R S . we can divide this region into two sub-regions, i.e, √ 3R S ≤ d ≤ 2R S and d ≥ 2R S . We compute the spacing between nodes in triangular mesh to achieve desired α. We refer to this spacing d α . To make our discussion precise, we will derive d α .
Lemma 1.
Given that the nodes with sensing radius R S are deployed in the triangular mesh configuration in the sensing field Ψ, the coverage fraction of the sensing field varies nonlinearly with spacing between two adjacent nodes, in the range
Proof. The nodes are deployed in a rectangular region of size L × L. Consider the simple scenario, where any two nodes s i and s j are neighbour and s j lies on either side of s i . The inter-node distance between neighbouring nodes s i and s j is given by
With the large number of nodes, the sensor placement is as shown in Fig. 1a . It is just a regular pattern of the configuration as shown in Fig. 1b . The common sensing area of two nodes is denoted by I ij . It is given by
The overall coverage ratio, α, of the sensing field Ψ in Fig.  1a will be equal to the coverage ratio of triangular pattern in Fig. 1b .
We define inter-node distance relative to 2R S as β = d/2R S , and putting this value in α,we get
Equation (4) represents the relationship between α and node spacing d in the triangular mesh. We can set the spacing between triangle vertices to meet desired α-coverage. We denote this spacing by d α . Thus, for a given α, one can compute the d α . For α = 0.906, the d α is 2R S . The d α = 2R S represents a special configuration where the overlap among adjacent nodes just becomes zero. We refer to this d α as d p which denotes the point overlap. The mere knowledge of relative inter node distance with respect to d p can be used to define bounds on α. For given arbitrary d, bounds on α can be given as.
Lemma 2. The coverage ratio of a sensing field is inversely proportional to the square of inter-node distance d when d ≥ 2R S .
Proof. From Lemma 1, one can compute d α for coverage ratio α, where α < 0.9068. The nodes are placed as shown in Fig.2a . One can observe that the pattern in Fig. 2b can be repeated to get the configuration shown in Fig. 2a . The α for the sensing field, Ψ is equal to α = Area of circular region in ABC Area of ABC
Thus, for a given sensing radius, the coverage ratio depends only on the spacing between two adjacent nodes and follows the inverse square law.
In this case also, we can set the spacing between triangle vertices to meet desired α-coverage. So far in this letter, we have focused on the coverage problem, which ensures that an event happening at any point in FoI is detected. In order to transfer sensed information network must be connected. The following theorem provides the condition on the communication range to ensure connected network for the required α.
Theorem 1. For a given coverage fraction, α ∈ (0.906, 1), we will have
is both necessary and sufficient condition to ensure that α-coverage implies connectivity.
Proof. For the considered deterministic deployment, the sensing network is connected if minimum communication range of nodes is greater than or equal to the maximum separation between any two adjacent nodes for a given α i.e., R
For an α ∈ (0.906, 1), corresponding d α can be obtained in two ways-direct computation using equation (4), and retrieval of data-pair (α, d α ) from a look up table. The inter-node distances corresponding to 0.906 and 1 are 2R S and √ 3R S respectively. Therefore for α ∈ (0.906, 1), the R min C must be in the range ( √ 3R S , 2R S ).
Theorem 2. For a given α in the range α ≤ 0.906, the condition
) × R S is both necessary and sufficient to ensure that α-coverage implies connectivity. Here, D SF is sensing field diameter. Proof. To maintain connectivity in the any sensing field, communication radius R C must be ≥ d. We can compute the value of d from equation (6) to get R C as a function of α and R S , i.e
Above expression gives the lower bound on R C . To get upper bound on the required communication radius, we consider the worst case scenario of a two-node network. To create the worst-case scenario, we place the nodes at the farthest possible points in the sensing field. In this scenario, the distance between two nodes is equal to the sensing field diameter. The diameter of a shape is the upper bound on the set of all pairwise distances between all points in the area φ. It is given by
In other words, maximum inter-node distance is D SF . To form a connected network, these nodes would need to set their minimum communication radius equal to the sensing field Although the relationship R min C ≥ 2R S is necessary to guarantee network connectivity provided that the required coverage is ensured. We have computed the lower and the upper bounds on the minimum communication radius for the various ranges of α as
α < 90.6% 2R S α = 90.6% ∈ ( √ 3R S , 2R S ) α ∈ (90.6%, 100%).
Here,f (α) = 2π √ 3α
and for α ∈ (90.6%, 100%) the exact value of R min C can be computed using equation (4), as an implicit function of d α . These bounds help to reduce the communication energy. This could be exploited by the designers to conserve the energy in the network.
IV. CONCLUSION This letter explored the problem of maintaining both the desired partial coverage and full connectivity in deterministically deployed wireless sensor networks. We proved that α-coverage can imply full network connectivity and computed the tighter lower and upper bounds on the minimum communication radius for various ranges of α. At a high-level, our analysis of α-coverage advocates the use of our results because of the potential energy savings. The work in this paper can be extended in several directions. The first extension is to find the exact or approximate partial coverage condition for the random deployment. Second possible extension is to consider probabilistic sensing model and probabilistic communication model and third extension is to use results in the design of topology control for WSNs.
